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Abstract. This paper addresses Cheeger and GromolFs question of which 
vector bundles admit a complete metric of nonnegative curvature, and relates 
their question to the issue of which sphere bundles admit a metric of posi- 
tive curvature. We show that any vector bundle which admits a metric of 
nonnegative curvature must admit a connection, a tensor, and a metric on 
the base space which together satisfy a certain differential inequality. On the 
other hand, a slight sharpening of this condition is sufficient for the associated 
sphere bundle to admit a metric of positive curvature. Our results sharpen 
and generalize Walschap and Strake's conditions under which a vector bundle 
admits a connection metric of nonnegative curvature. 



1. Introduction 

A well-known question in Riemannian geometry is to what extent the converse of 
Cheeger and Gromoll's soul theorem holds. Their theorem states that any complete 
noncompact manifold, M, with nonnegative sectional curvature is diffcomorphic to 
the normal bundle of a compact totally geodesic submanifold, E C M, called the 
"soul of M" ||. The converse question is the classification problem: which vector 
bundles over compact nonnegatively curved base spaces can admit complete metrics 
of nonnegative curvature? There are vector bundles which are know not to admit 
nonnegative curvature, but in all such examples the base space has an infinite 



fundamental group |17 ,[|15|,|l|. Trivial positive results include all vector bundles 
over S 1 , S 2 and S 3 , TS n for any n, and more generally all homogeneous vector 
bundles over homogeneous spaces. As for nontrivial positive results, Yang obtained 
nonnegatively curved metrics on rank 2 vector bundles over CP n ^CP n p9[ . More 
recently, Ziller and Grove constructed nonnegatively curved metrics on all vector 
bundles over S 4 and S 5 §. 

Our first result is a necessary condition for a vector bundle to admit a metric of 
nonnegative curvature. Suppose that M is an open (ie., complete and noncompact) 
manifold with nonnegative curvature, and E is a soul of M. Let f(E) denote 
the normal bundle of E, let p £ E, X,Y e T p E, and W, V E f p (£)- Let V 
denote the connection in ^(E), and let i? v denote its curvature tensor, so that 
R V (X, Y)W £ v p (Yj). We can enlarge the domain of the tensor i? v by defining 
R V (W, V)X to be the vector in T p E for which {R v (W, V)X, Y) = (R V (X, Y)W, V) 
for every Y € T p E. Let fcs describe the unnormalized sectional curvatures of E; that 
is, kz(X,Y) = {R(X,Y)Y,X). Similarly, let k F (W,V) = (R(W, V)V, W) describe 
unnormalized sectional curvatures of 2-planes perpendicular to E ( "F" stands for 
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"fiber", since fop really describes the curvatures of the fibers at points of E). By 
parallel transporting W and V along geodesies from p in E, we can regard Uf{W, V) 
as a real valued function on E near p; by hesSk F (w,v)(X) we denote the hessian 
of this function in the direction X. We think of {i? v , fcs, kp} as the structure of 
M which is visible at points of the soul. Our necessary condition for nonnegative 
curvature is the following relationship between these visible structures: 

Theorem A. If M is an open manifold of nonnegative curvature with soul E, then 
for any p G E, X, Y G T p E, and W, V G P P (E), 

((D X R V )(X,Y)W,V) 2 < (\R V (W,V)X\ 2 + (2/3)hess kF{wy) (X)) ■ kz(X,Y). 

An obvious question is whether the condition in Theorem A is sufficient; that 
is, if a vector bundles admits structures statisfying the inequality of the theorem, 
then must it admit a metric of nonnegative curvature? We discuss first the case of 
connection metrics, about which much is allready known. 

A "connection metric" gE on the total space E of a vector bundle K fc — > E ^> E 
is a metric arising from the following construction. Choose a Euclidean structure 
(•, •) on the bundle (which means a smoothly varying choice of inner products on 
the fibers), a connection V that is compatible with the Euclidean structure, a 
metric gy, on E, and a rotationally-symmetric metric go on K fe . Then there is a 
unique metric gp on E for which tt : {E, gp) — > (E, g-%) is a Riemannian submersion 
with horizontal distribution, TL, determined by V, and with totally geodesic fibers 
isometric to (R fc ,<7o)- By a connection metric gpi on the total space E 1 of the 
associated sphere budle S k ~ 1 — ► E 1 E, we mean the intrinsic metric induced on 
the sphere of radius 1 about E in (E,gE). 

In Theorem A, if the metric on M is a connection metric, then fc^ is parallel, so 
hesSk F (w,v) (A) = 0. The inequality therefore becomes: 

(1.1) {(D X R V ){X,Y)W,V) 2 < \R V {W,V)X\ 2 ■ k s (X,Y). 

This special case of Theorem A is not new. In [jl4| , Strake and Walschap studied 
conditions under which a vector bundle admits a connection metric of nonnegative 
curvature. Their necessary condition is stronger than inequality 



1.1 



(1.2) {{D X R V ){X,Y)W,V) 2 < |i? v (iy,l/)A| 2 -(fc s (A,y)-^ 2 |i? v (A,r)^| 2 ), 

where ire > is a bound on the diameters of spheres about the origin in (R fe ,go). 
We prove the following weak converse to Theorem A: 

Theorem B. Let E be a compact manifold, let R fc — » E -"-> E be a vector bundle 
over E, and let S k ~ 1 — > E 1 A E be the associated sphere bundle. 

(1) E 1 admits a connection metric <?£i of positive curvature if and only if the 
vector bundle admits a Euclidean structure (•,•), a compatible connection 
V, and a metric <?£ on E such that the following inequality holds for all 
p G E, X, Y G T P E with X A Y ^ , and W, V G E p with W A V ^ 0: 

((D X R V )(X,Y)W,V) 2 < \R V (W,V)X\ 2 -fc s (A,r) 

(2) Further, if the vector bundle admits structures for which this inequality is 
satisfied, then E admits a complete connection metric gE of nonnegative 
curvature. 
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Notice the strict inequality implies that (X, <?e) has positive curvature. To prove 
part 2, we show that go can be chosen so that the connection metric g F on E 
determined by the data {gs, ("j")jV, go} has nonnegative curvature. Additionally, 
the boundary of a small ball about the soul (zero section) of (E,g F ) has positive 
intrinsic curvature, which proves one direction of part 1 of the theorem. 

We describe next some ways in which Theorem B overlaps known results related 
to connection metrics of nonnegative and positive curvature. 



One direction of part 1, namely that positive curvature implies the in- 
equality, follows from the argument in |14| by which Walschap and Strake 



established inequality [L2j. We will elaborate on this remark in Section 7. 
Part 2 is an improvement of Strake and Walschap's sufficient condition for 
a connection metric of nonnegative curvature, which is equivalent to our 
condition with the right side of the inequality multiplied by 1/2. 
Part 2 of Theorem B in the case where k — 2 and the vector bundle is 
oriented was done by Strake and Walschap in Part 1 of Theorem B 

in this case follows from Strake and Walschap's work, and also appears 
explicitly in ||. In this case, i? v can be identified with the 2-form fl on 
£ given by Q(X,Y) = (R V (X, Y)W, JW), where \W\ — 1 and J denotes 
the almost complex structure on E. The inequality of Theorem B becomes: 
(D x n(X,Y)) 2 < \i x n\ 2 ■ kx(X,Y), where i x tt = n(X r ). Also, inequal- 
ity |T| becomes: {D x Vt{X,Y)f < \i x Q\ 2 ■ (k^(X, Y) - je 2 fl(X, Y) 2 ); Yang 
proved in Lemma 1] that this last inequality together with the inequal- 
ity fcs(A, Y) > je 2 Q(X, Y) 2 provide a necessary and sufficient condition 
for the connection metric g e on E 1 with fibers of length 2ire to have non- 
negative curvature. Since when k — 2 the sphere bundle E 1 is a principal 
bundle, nonnegative curvature on the sphere bundle implies nonnegative 
curvature on the vector bundle. 

The strict inequality of Theorem B implies that J? v (W,V)X = only 
when X = 0orWAV — 0. This is equivalent to saying that the induced 
connection in the sphere bundle E 1 is "fat" . The concept of fatness was 
introduced by Weinstein in fjs[] . Among other restrictions, it implies that 
dim(E) is even and is > fc, with equality possible only if dim(S) is 2, 4, or 8. 
Derdzinski and Rigas proved in Js) that the only S 3 bundle over S* 4 which 
admits a fat connection is the Hopf bundle S 3 — > S 7 — > S 4 . This result 
rules out the possibility of using Theorem B to produce metrics of positive 
curvature on 7 dimensional exotic spheres. We refer the reader to ]20| for 
a survey of results related to fatness. Because of the fatness implication, 
the strict inequality of Theorem B should probably be considered much 



stronger than the non-strict inequality of equation 1.1 



We return to the general problem of finding sufficient conditions for nonnegative 
curvature on E and for positive curvature on E 1 . The inequality of Theorem A is 
a relationship between the different curvatures that are visible at the soul, namely, 
the curvatures of 2-planes tangent to S (described by fcs), the curvature i? v of the 
connection in ^(S), and the curvatures of "vertical" 2-planes (described by fc^)- 
It is useful to write k F (W,V) = (R F (W,V)V,W) = R F (W, V, V, W), where R F , 
which we call the "vertical curvature tensor" , is just the restriction of the curvature 
tensor R of M to vectors in f (£), so that (R F ) P : (^ P (E)) 4 — » R. 
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More generally, a tensor iip on a vector bundle R fc — » E A E such that for 
each p 6 E, the map {Rf)p '■ {Ep) 4 — > K has the symmetries of a curvature tensor 
(not necessarily including the Bianchi identity) will be called a "vertical curvature 
tensor" on the bundle. We think of a vertical curvature tensor as prescribing the 
curvatures of vertical 2-planes at zero-section. For p 6 E and W, V € E p we 
write kp(W, V) — Rf(W,V,V,W). As before, by parallel transporting W and V 
along geodesies from p in E, we can think of kp(W, V) as a real valued function 
on a neighborhood of p in E, and we write hess^ F (w,v)(-^) f° r the hessian of this 
function in the direction X 6 T p E. 

We prove that a strengthening of the necessary condition in Theorem A is suffi- 
cient to guarantee a metric of positive curvature on the sphere bundle. 

Theorem C. Let Ska compact manifold, and let R k — > E E be a vector 
bundle over E. If this bundle admits a metric g^, on E, a Euclidean structure (•, •), 
a compatible connection V, and a vertical curvature tensor Rp such that for all 
p e E, X, Y e T P E with X A Y ^ 0, and W, V e E p with W A V ^ 0: 

((D X R V )(X,Y)W,V) 2 < (\R V (W,V)X\ 2 + (2/3)hess kF(WX) (X)) ■ kv(X,Y), 

then the unit-sphere bundle E 1 of E admits a metric of positive curvature. 

Some comments about Theorem C are in order. 

• To prove the theorem, we construct a metric gE on E for which the bound- 
ary of a small ball about the zero-section has positive curvature. We believe 
that gp can always be constructed to be a complete metric of nonnegative 
curvature, but we are only able to prove this in the special case of connec- 
tion metrics, as describe in Theorem B. 

• Guijarro and Walschap proved that if a vector bundle admits a metric of 
nonnegative curvature, then so does the associated sphere bundle ||. This 
is because the boundary of a small ball about the soul is convex and hence 
nonnegatively curved in the induced metric. Our theorems address the 
question of when this induced metric on the sphere bundle has positive 
curvature. For a metric of nonnegative curvature on a vector bundle, the 
inequality in Theorem A must hold; if in addition this inequality is strict on 
orthonormal vectors {X, Y, W, V}, then the induced metric on the sphere 
bundle must have positive curvature. 

• The strict inequality implies that \R V (W, V)X\ 2 > -{2/S)hes& kp ( W y){X), 
with equality only when X = or W A V = 0. This can be thought of as a 
generalized fatness condition. Because of the added generality, Derdzinski 
and Rigas' result does not rule out the possibility of using Theorem C to 
find metrics of positive curvature on 7-dimensional exotic spheres. 

• In theorem A, if the metric on M is such that each fiber of the projection 7r : 
M — > E is radially-symmetric (although not necessarily totally geodesic), 
Then (2/3)k F (W,V) = f(p) ■ \W A V\ 2 for some function / : E -> R. In 
other words, all vertical 2-planes at a fixed point p £ E have the same 
sectional curvature, so the vertical curvature information can be described 
entirely by a function / on E. In this case, the inequality of Theorem A 
becomes: 



(1.3) ({D X R V ){X,Y)W,V) 2 < (\R V (W,V)X\ 2 + \W AV\ 2 -hesSfiX^-k^X^Y). 
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Conversely, if a vector bundle M fe — » E —> E admits structure {gs, {■,■), V, /} 
(where {gs, (•,•), V} are as in Theorem C, and / : E — >• R) such that in- 
equality 1.2 is satisfied and is strict for orthonormal vectors {X, Y, W,V}, 
then Theorem C provides a metric of positive curvature on E 1 for which 
the fibers are round (with varying diameters). 
• Both the inequality of Theorem A and its sharpening to a strict inequality 
for orthonormal vectors have natural interpretations. As we will show, a 
mixed 2-plane a at the soul is a critical point of the sectional curvature 
function, sec, on the Grassmannian G of 2-planes on M. The inequality 
in Theorem A comes from fact that, since M has nonnegative curvature, 
the hessian of sec at a must be nonnegative definite. The strictness of the 
inequality means that the only vectors in T a G contained in the nullspace of 
the hessian of sec are the vectors forced to be there by Perelman's Theorem. 

Our paper is organized as follows. In sections 2 and 3 we describe the derivatives 
at the soul of the A and T tensors of the Riemannian submersion from an open 
manifold of nonnegative curvature onto its soul. This allow us in section 4 to 
describe the hessian of sec at a mixed 2-plane a at the soul. Theorem A is a 
consequence of this discussion. 

In section 5 we describe how to construct a metric on a vector bundle from the 
data {<7ej ('j •)) V, Rf} prescribed in theorem C. Our construction yields a "warped 
connection metric" , which means a metric formed from a connection metric by 
altering the fiber metrics, in our case so that the curvatures of the fibers at the 
zero-section are as prescribed by Rf ■ 

In section 6 we prove Theorem C by constructing a warped connection metric 
on a vector bundle so that the intrinsic metric on the boundary of a small ball 
about the zero-section has positive curvature. Unfortunately, we do not know how 
to verify that the warped connection metric itself has nonnegative curvature. But 
in section 7 we at least show how to do this in the case of connection metrics, thus 
proving Theorem B. 

The author would like to thank Wolfgang Ziller and Burkhard Wilking for sharing 
some insightful ideas which are incorporated into this paper. 



2. Background: The metric near the soul 

In this section, M will denote an open manifold with nonnegative curvature, 
and E C M will denote a soul of M in the sense of Let V denote the con- 
nection in the normal bundle ^(E) of E in M, and let i? v denote it's curvature 
tensor. Let R denote the curvature tensor of M, and denote {E\, E2, £3, £4) = 
R(E 1 ,E 2 ,E 3 ,E 4 ) = (R(E 1 ,E 2 )E 3 ,E 4 ), and k(E u E 2 ) = (£i, £ 2 , £ 2 , £i). Define 
i?s and Rf (respectively k^ and hp) as the restrictions of R (respectively k) to TS 
and ^(E). 

Our proof of Theorem A relies heavily on Perelman's resolution of the soul 
conjecture jl^ , which states: 

Theorem 2.1 (Pcrelman). 

(1) The metric projection 7T : M — > E, which sends each point p 6 M to 
the point ir{p) G E to which it is closest, is a well-defined Riemannian 
submersion. 
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(2) For any p G £, X G T P T,, and V G v p (Yi), the surface (s, t) \— ► exp(s • V(t)) 
(s,t G M, s > 0), where V(t) denotes the parallel transport of V along the 
geodesic with initial tangent vector X , is a fiat and totally geodesic half 
plane (we will refer to these surfaces as "Perelman flats"). 

One consequence of Perelman's theorem is that mixed 2-planes at the soul are 
fiat: 

Corollary 2.2. Let P eE,I,7e T p £ and U G u p (E). Then: 

(1) R(X, U)U = R(U, X)X = 0. In particular k(X, U) = 0. 

(2) R(X, Y)U = 2R(X, U)Y. 

Proof. Part 1 was originally proved by Cheeger and Gromoll Theorem 3.1]. To- 
day it is obvious from Perelman's Theorem (at least it is obvious that k(X, U) = 0, 
but on manifold of nonnegative curvature this implies that R(X, U)U = R(U, X)X). 
Part 2 is found in JL3} . It is a consequence of the Bianchi identity: 

R(X, Y)U = R(X, U)Y - R(Y, U)X, 

together with the vanishing of the mixed curvatures, which means that: 

= R(X + Y, U)(X + Y) = R(X, U)Y + R(Y, U)X + + 0. 

□ 

Although 7r has only been proven to be C 2 || , it is clearly C°° in a neighborhood 
of S. We denote by A and T the fundamental tensors associated to 7T, as defined 
for example in ||, Chapter 9]. We collect in the following lemma some facts about 
the A and T tensors at the soul. All but part 4 of this lemma are well-known. 

Lemma 2.3. Let p€E, X,Y G T p S, and U,V,W G v p (E). 

(1) A x Y = A x U = 0. 

(2) T V X = T V V = 0. 

(3) (D V A) X Y = -±i? v (A, Y)V and {D V A) X U = \R V {V, U)X. 

(4) (D w T)uV - {D W T) V X = 

Proof. Part 1 is obvious. For part 2, TjjX — because the Perelman flat through 
X and U is totally geodesic. Since (T V V,X) = -(T V X,V) = 0, it follows that 
TjjV = as well. Part 3 is an immediate consequence of jl3[ Proposition 1.7]. 

For part 4, first notice that (DwT)wX = because the Perelman flat through 
X and W is totally geodesic. Next, since 

= {{D W T) W X, U) = -{{D W T) W U,X) = -((D w T)uW,X), 

it follows that (D\yT)uW — as well. This is a special case of part 4. To get 
the gener al ca se from this special case, we apply O'Neill's formula ||, 9.28b] and 
Corollary |2.2| as follows: 

= (A, W, W, U) = ~({D w T)uW, X) + ((DuT) w W, X) = {{DuT) w W, A). 

It follows from this that (DuT) w W = 0. Since {D v T) Wl Wi is symmetric in W\ 
and W 2 , it follows that DjjT = 0. □ 



A different, more illuminating proof of part 4 of Lemma |2.3| will appear later in 



our proof of part 3 of Lemma 5.2 



The following formula for the curvature of an arbitrary 2-plane at the soul ap- 
pears in (l(| page 615]: 
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Proposition 2.4 (Walschap). Let peE, X,Y 6 T P E, and [/, V G i/ p (E). T/ien: 

fe(x + [/, y + f) = fc s (x, y) + fcj?(?7, v) - 3(x, y c/, f) 



Proposition 2.4 is proven by expanding the left side by linearity, and noticing 
that many of the resulting terms vanish by Corollary 2.2 and the fact that the soul 
is totally geodesic. 

Corollary 2.5 (Walschap). For all p G E, X,Y G T p E, and J7, V G i/ p (E): 

9(x, y c/, f) 2 < 4fc E (x, y) ■ k F (u, v) 

Proof. Fix X,Y £ T p S and 17, V G v p (£). By Proposition^, 

y) + kp(U, V) — 3(X, y ?7, V) > 0. 

Of course this inequality must remain true for any rescallings, xX, yY, ull, vV, of 
the vectors (x, y, it, v G M). In other words, Q(xy, uv) > 0, where Q is the quadratic 
form with matrix 

/ ks{X,Y) -(3/2)(X,Y,U,V) 

y v -(3/2)(x,yc/,y) fc F (t/,y) 

Hence, Q is nonnegative definite and therefore has nonnegative determinate. □ 



3. The second derivative of the T- tensor at the Soul 

The only new observation in the previous section was that the first derivative, 
DT, of the T-tensor of ir vanishes at points of E. The main goal of this section 
is to describe the second derivative, D 2 T. Since the T-tensor measures the failure 
of the fibers to be mutually isometric, one might expect D 2 T at E to measure the 
failure of the fibers to look the same at the soul; in other words, the failure of 
Rf{Wi, Wa, W3, W4) to be constant on a path in E along which the sections Wi 
of v(Tj) are parallel. This intuition is essentially right, although it is cleaner to 
describe D 2 T in terms of the symmetrization, Rp, of Rf. 

We therefore begin with a discussion of symmetrization. If V is a vector space 
with orthonormal basis {ei, e^}, and R is a curvature tensor on V, then R : 
S' 2 V — > 5 2 V commonly denotes the induces tensor on symmetric 2-forms, namely: 

R{h)(U,V)= RieuU^e^-hieuej). 

l<i,j<k 

It is also useful to define R(Wi,W 2 , U, V) = R(h)(U, V), where h G 5 2 V is: 

He, /) = \{{e, Wx){f, W 2 ) + (e, W 2 ) (/, W x )). 

In this way, we consider R to be a tensor of order 4 on V, which has the following 
simple description: 

R(Wi, W 2 , U, V) = \{R{W U U, V, W 2 ) + R{W 2 , u, v, iy)). 

The following symmetries of R follow from the symmetries of R: 
(3.1) R(W 1: W 2 , U, V) = R(W 2 , Wi,U, V) = R{W 1: W 2 , V, U) = R(U, V, W X ,W 2 ); 

R{W, W, W, U) = 0. 
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We now give a useful description of R when V is the tangent space, T P M, of 
a Riemannian manifold, and R is the curvature tensor given by the Riemannian 
metric on M. First, for W, U, V £ T p M, define: 

(3.2) F(W, U, V) = (d ex Pw U, d exp w V) . 

Lemma 3.1. R can be described in terms of F as follows: 

R(W U W 2 , U,V) = - (I) F(tW! + sW 2 , U, V). 

\ 2 / dsdt s=t=o 

Proof. Let T(Wi, W 2 , U, V) denote the right side of the equation, which we wish 
to prove equals R(Wi, W 2 , U, V). Since both T and R are symmetric in Wi,W 2 
and also in U, V, it suffices to prove that R(W, W, U, U) = T(W, W, U, U) for all 
W,U £ T p M. It is straightforward to see that: 

R(W, W, U, U) - R(W, U, U, W) = k(W, U). 

It therefore remains to prove that: 

?(W, W, U, U) = -(2/3)fc(W, U) for all vectors W, U. 

In fact, since T(W, W, W, U) — 0, it will suffice to verify this when W and U are 
orthonormal, in which case k(W, U) is the sectional curvature of the 2-plane a which 
they span. 

Let S denote the surface in M obtained as the exponential image of cr. Write 
the metric on S in polar coordinates: 

ds 2 =dv 2 + f 2 (r,9)d9 2 , 

where 6 — corresponds to the direction of W. Let 7(7-) = exp(rW) (in polar 
coordinates, 7(7-) = (r, 0)). Along 7, / can be expressed as: 



f(r, 0) = ry/F{rW,U,U). 

The Gauss curvature of S at (r, 0) equals — jf^p-, where f rr denotes the second 
partial with respect to r. The result now follows by performing the differentiation 
and taking the limit as r — > 0. □ 

We return to our setup where M is an open manifold with nonnegative curvature, 
E C M is a soul, and Rp is the vertical curvature tensor. Let Rp denote the fiber- 
wise symmetrization of Rp as described above. When the vectors W% £ ^p(S) are 
fixed, we can think of Rp(Wi,W 2 , W3, W4) as a real valued function on S near p 
(by parallel transporting the Wi along geodesies in S from p). The following lemma 
describes D 2 T in terms of the gradient of this real valued function. 

Lemma 3.2. For allpGT, and W u W 2 , U,V £ v p {T), 

(D Wl D W2 T)uV = pradR(W u W 2 ,U,V). 

Proof. We first establish a convention for lifting vectors. If X s we denote by 
X an extension of X to a basic vector field on M. Additionally, for U £ v p (T,), let U 
be the extension U to a vertical vector field on M in a neighborhood of p constructed 
as follows. First, extend U to a vector field along the fiber ir~ 1 (p) in a neighborhood 
oip by defining, for each W £ ^p(S) with small norm, U\ cxp (w) = dcxp w (U). Then 
extend U to a section of j/(£) near p by parallel transporting U along geodesies in 
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E from p. Finally, for each point q € E near p, we extend the vector field the fiber 
7T — 1 (g) in the same way we extended it to ir~ 1 (p). 

We begin by proving that for any X £ T p E and U,V,W G ^(E) with |W| small: 

(3.3) <T^,f7) =ixF(W,C/,n 

oxp^W) A 



where F (which is defined in equation 3.2) is thought of as a real- valued function 



on E near p by parallel transporting W, U, V along geodesies in E from p. 

Notice that X and U commute simply because their preimages under dexp^ in 
T(v(Yj)) commute (here exp^ : ^(E) — ► M denotes the normal exponential map). 
So, letting p — exp(W), and using the standard coordinate-free expression for the 
connection, we see that: 



2(TyX,U) p = 2(VyX,U) p 

= X(V,U) p + V(U,X) p -U(X 7 V) p 

-([X, U],V) P - ([U, V],X) P - ([X, V], U) f 
= X(V,U) P = XF(W,U,V). 



This verifies equation 3.3. It follows easily that for any W 7 U,V £ ^p(E) with \W\ 
small: 



(3.4) 



(TyU) 



1- 



= --gra,dF(W,U,V) 

exp(lV) Z 



Finally, we use equation [O] to study D 2 T. To prove the lemma, it will suffice 
to verify that (D^T)uV = ±gradR(VF, W, U, V) for all U, V, W G i^(E), which is 
done as follows. Let j(t) — exp(tW). Then: 



D w (D w TuV) 
D 
dt 
D 
dt 



{D W T V) 



i{t) 



0-0 



( T U V )~f(t+r) ~ ( T (V w U) V )~f(t) ~ { T u(^W V ))j(t) 



dt 2 



(T V) l[t) - - 



2 



1 D 
2d? 

-— grad 



(gvad F(tW,U,V)) 7(t 



1 B z 
2d? 



grad F(tW,U, V) 



F(tW, U, V) 



-gradR(Vy, W,U,V). 



To justify the third equality above, notice that: 

( T (v w u)V)i{t) = ( D wT) {VwCl} V + T (VwVw0) V + T (Vw0) {y w V) 



D 

dt 



t=o 



= 0+0+0=0 



□ 
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4. A NECESSARY CONDITION FOR NONNEGATIVE CURVATURE ON VECTOR 

BUNDLES 

In this section we prove Theorem A by studying the derivatives of a function 
which records the curvatures of a family of 2-planes. The family begins with a 
mixed 2-plane at the soul and then drift so that the base point moves away from 
the soul while simultaneously the 2-plane twists away from being a mixed 2-plane. 

More precisely, the set up for this section is as follows. Let p E E, X, Y 6 T p E 
and W,V,U <E ^ P (E). Let j(t) := exp(tW), and let X t ,Y t , U t , V t denote the parallel 
transports of X,Y,U and V along j(t). By Perelman's Theorem, X t and Y t are 
horizontal for all t £ [0, oo). In other words, parallel translation along the radial 
geodesic 7 preserves the horizontal space. It therefore must also preserve the vertical 
space, so Ut and Vt are vertical for all t £ [0, 00). Define: 



(4.1) 



*(*) = *xYuvw(t) = k{X t + tU t , tY t + V t ) 



which is the unnormalized sectional curvature of the 2-plane based at j(t) spanned 
by X t + tUt and tY t + Vt . The special case of this construction when U = Y = 
was studied by Marenich in 0. Notice that *(0) = k(X, V) = by Corollary |j, 
The goal of this section is to derive formulas for ^'(0) and \P"(0). Towards this 
end, we write: 

(4.2) = {X t ,Vt,Vt,Xt)+t-{2(X t ,Yt,Vt,Xt)+2(X t ,Vt,Vt,Ut)} 

+t 2 ■ {{X t , Y t , Y t ,X t ) + (U t , V t ,V t , U t ) + 2(X t ,Y t , V t , U t ) + 2(X t , V t ,Y t , U t )} 
+t 3 ■ {2(U t , Y t ,V t , U t ) + 2(Xt,Y t ,Yt, U t )} + t 4 • (U t ,Y t ,Y t , U t ) 

Proposition 4.1. *'(0) = 

Proof. Since M has nonnegative curvature, \I/'(0) > 0. But if it were the case that 
*'(0) > 0, then replacing W with -W would yield *'(0) < 0. Hence *'(0) = 0. 

In order that our proof gen erali zes properly in the next section, we also compute 
W(0) directly. From equation L2: 



*'(0) = 2{X, Y, V, X) + 2(X, V, V, U) 



dt 



{X t ,Vt,Vt,X t 



but (X, Y, V, X) = because the soul is totally geodesic, and (X, V, V, U) = by 
Corollary^. We use O'Neill's formula [|§ Theorem 9.28c] to study the third term 
(j^j uses a different curvature sign convention): 



d_ 

dt 



(X t ,Vt,Vt,X t ) 



dt 
d_ 
dt 



{((D Xt T) Vt Vt,X t ) - (T Vt Xt,T Vt X t ) + (A Xt V t ,A Xt V t )} 



((D Xt T)v t V t ,X t )-Q + 



D 



= (-((D Xt T) Vt V t ),X) = ((D W D X T) V V,X) = {(D X D W T) V V, X) = 0. 



□ 
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Proposition 4.2. 

*"(0) = 2kx(X,Y) + 2k F (U,V) -6(R V (X,Y)U,V) + {l/2)\R v {W,V)X\ 2 
-2((D X R V )(X,Y)W,V) + (l/3)hess kp{mv) (X) 
+(i/3)D x R(W, U, V, V) - (4/3)D x R(W, V, U, V) 
Proof. From equation |4.2| , 

*"(0) = 2{(X,Y,Y,X) + (U,V,V,U) + 2(X,Y,V,U) + 2(X,V,Y,U)} 
_ d 



dt 



dt 2 



{2{X U Y t , V t ,X t ) + 2(X t ,V t , V t , U t )} 



(X t ,Vt,Vt,X t 



t=o 



The top line of this expression can be simplified using part 2 of Corollary 2.2: 
(X, Y, Y, X) + (U, V, V, U) + 2(X, Y, V, U) + 2(X, V, Y, U) 

= k^(x,Y) + k F (u,v)-3(x,Y,u,v) 

Next, from one of O'Neill's formulas (§, 9.28e]): 
d 



dt 



{X u Y u V t ,X t 



d 

dt 
_d 
dt 



{((D Xt A) Xt Y u V t ) + 2(A Xt Y t ,T Vt X t )} 

) 

((D Xt A) Xt Y u V t ) = (R((D Xt A) Xt Y t ),V) 



= ((D W D X A) X Y, V) = ({D X D W A) X Y, V) 

= - 1 -{{D X R*){X,Y)W,V) 

We apply another of O'Neill's formulas 9.28b]) to simplify the next term: 
d 



dt 



{X t ,Vt,V t ,U t ) 



t=o 



d 
dt 



{((D Vt T) Ut V t ,X t ) - ((D Ut T) Vt V u X t )} 



t=o 



= -({D w D v T)uV, X) + ({D w DuT) v V, X) 

= -(l/3)(gradR(W, V, U, V), X) + (l/3)(gradR(W, U, V, V), X) 

= -{1/S)D X R(W, V, U, V) + {1/3)D X R{W, U, V, V) 



Finally, 



dt* 



(X t ,V t ,V u X t ) 



t=o 



{((D Xt T) Vt V u X t ) - (T Vt X u T Vt X t ) + (A Xt V u A Xt V t )} 



t=o 



dt 2 

= ((D 2 w D x T)vV, X) - 2{{D w T)vX, (D W T) V X) 
+2((D W A) X V, (D W A) X V) 

= ((D x D 2 w T) v V,X)-0 + ^\R v (W,V)X\ 2 . 
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a 

Theorem A is an immediate corollary of Proposition 4.2, as we now show: 

Proof of Theorem A. Let p G E, X,Y G T p E and U,V,W G z/ p (E). Since M has 
nonnegative curvature, ^xyt/vw' CO — 0- In particular, this is true when {7 = 0, 
which implies that the following expression is nonnegative: 

2fe s (X, F) + (l/2)|i? v (T^, ^)X| 2 - 2((D X E V )(X, V) + (l/3)hess w , y) (X). 

Of course the same remains true for any rescallings, xX,yY,wW,vV , of the 
vectors (x,y,w,v G M.). In other words, Q(xy 7 xwv) > 0, where Q is the quadratic 
form with matrix: 

2ks{X,Y) ({D X R?)(X,Y)W,V) 
k {(D x RV)(X,Y)W,V) (l/2)|i? v (Ty,T/)X| 2 + (l/3)hess fcFWy) (X) / 

Hence, Q is nonnegative definite, and it's determinate is therefore nonnegative. 
This implies that: 

((D X R V )(X,Y)W,V) 2 < (\R v (W,V)X\ 2 + (2/3)hess kF(uy) (X))-kv(X,Y)- 

□ 

We end by mentioning a more general possible definition of ^, namely, 
(4.3) *(t) = XXYUV v W {t) = k(Xt + tX t + W u tY t + V t + tV t ). 

Although this seems more general, it is easy to see that - -„ 7 (0) = 0, 

° XXYUVVW y ' 

and ^. (0) = ^xyc/vwCO)- ^ n °t ner words, our derivative formulas don't 

notice the added generality. 

5. Warped connection metrics 

In this section we define and study a class of metrics on vector bundles called 
"warped connection metrics", which are more general than connection metrics. 

Given a connection metric <?£ on the total space E of a vector bundle, Mr — > 
E ^> S, we write 

TE = HfflV®r 

for the orthogonal decomposition of the tangent bundle of E, where H is the distri- 
bution determined by V, r is the span of gradient of the distance to the zero-section 
(r is 1 dimensional on E — S and k dimensional on S), and V describes the space 
of vectors tangent to the fibers of tt and orthogonal to r. We make the following 
definition: 

Definition 5.1. A warped connection metric jgona vector bundle R k — > E ^> S is 
any smooth metric obtained by starting with a connection metric and then altering 
the metric arbitrarily on V. 

For a warped connection metric, is is easy to see that 7r is still a Riemannian 
submersion and exp : u(E) E is still a diffcomorphism. Also, the zero-sec tion , 



S, is totally geodesic, and both statements of Pcrclman's theorem (Theorem |2.l|) 
are valid. We consider the following structures on (E,gE), all defined analogous 
to the way they were defined for nonnegatively curved metrics: <?£, fes, V, i? v , F, 
Rf, kp, Rp, A, T, and For example, F (which we call the warping function) is 
defined by the equation: 

(5.1) F P (W, U, V) = (d exp w U, d exp w V) for p G E and W,U,V <E E p . 
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Notice that the vectors d exp w U and d exp^y V are both tangent to the fibers 
of 7r; hence, F records the metrics of the fibers. F is a smooth function from 
{(p, W,U,V) I p G £ and W,U,V E i> p (£)} to R, and F has the following proper- 
ties: 

(1) -F(W, •, •) is a symmetric positive-definite bilinear form for each W . 

(2) F(W, W, f7) = F(0, W, C/) = (W, C/} 

(3) ±\ t=0 F(tW,U,V) = 

(4) ^ l^o^W + sW 2 , U, V) = ^L| s=t=0 F(«/ + aV, W U W 2 ). 

Perelman's Theorem implies that any complete metric of nonnegative curvature 
on a vector bundle agrees with a warped connection metric inside of the cut-locus of 
the soul (this is because, if the normal bundle, v(Yj), of the soul £ in M is endowed 
with its natural connection metric, then exp : — * M preserves horizontal 
and vertical spaces, and is an isometry on Ti. and r). Guijarro proved in (tJ that 
a metric of nonnegative curvature on a vector bundle can always be altered so 
that exp : v (£) — > M becomes a diffeomorphism; this altered metric is a warped 
connection metric. So, the class of warped connection metrics is general enough to 
resolve Cheeger and Gromoll's question; that is, if a vector bundle admits a metric 
of nonnegative curvature, then it admits a warped connection metric of nonnegative 
curvature. On the other hand, the class of warped connection metrics is fairly rigid. 
The next lemma says that warped connection metrics share much of the important 
structure of nonnegatively curved metrics: 

Lemma 5.2. For a warped connection metric gE on the total space E of a vector 
bundle R fe — > E — » £, the following are true for all p £ S, X, X, Y G T p S and 
W,W U W 2 ,U,V,V G E p : 

(1) A p = and T p = 0. 

(2) (D V A) X Y = -±R V (X, Y)V and (D V A) X U = \R V {V, U)X. 

(3) DT p = and {D Wl D W2 T)uV = \gradR{W u W 2 , U, V). 

(4) R(X, V)V = R(V, X)X = and R(X, Y)U = 2R(X, U)Y. 

(5) k(X + U.Y + V) = ks{X, Y) + k F (U, V) - 3{X, Y, U, V). 

(6) *'xyuvw(0) = V'xxyuvvw^ - 0. 

(7) ^xyuvw(°) = ^"xxyuvvw^ is 9iven by the eauation of Proposition^ 

(8) The boundary of a sufficiently small ball about £ is convex. 

Proof. This lemma essentially follows from previous arguments, but one alteration 
is needed. For nonnegatively curved metrics, the fact that k(X, V) = implies that 
R(X, V)V = R(V, X)X = 0, which in turn was used to prove that DT p = 0. For 
general warped connection metrics, k(X, V) — 0, but this does not automatically 
imply that R(X,V)V — R(V,X)X = 0. We must prove things in a different 
order. First we show that DT p = 0. Using O'Neill's formula, this then implies that 
R(X,V)V = R(V,X)X = 0. 

To show that DT p = 0, let = exp- L (tVy). Then: 



D w TuV 



D 

dt 



t=o 
1 D 
2dt 



(T ^« = "2dt 



(gradF(tW,U,V)) y(t) 

t=o 



eeadF(tW,U,V) = ~ffad(^ 



F(tW, U,V)\ =0 
t=o / 
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Part 8 was proven for nonnegatively curved metrics by Guijarro and Walschap 
in and their proof remains valid for general warped connection metrics. □ 

Just as a connection metric on a vector bundle is prescribed by a Euclidean 
structure, a connection, a metric on the base space, and a rotationally-symmetric 
metric on M fe , a warped connection metric can also be prescribed by a structures on 
the bundle. Suppose that R k — > E ^> E is a vector bundle. Let g% be a metric on 
E. Let F be any smooth function from {(p, W, U, V) \ p G E and W, {/, V G ^p(E)} 
to K which has the following two properties: 

(1) .Fp(W, ■, ■) is a symmetric positive-definite bilinear form for each p G E and 
each W £ E p . 

(2) Fp(W, W, [/) = F p (0, W, J7) for each p G E and each W,U <E E p . 

We call -F a "warping function". The following properties follow from the above 
two: 

3. ±\ t=0 F{tW,U,V) = 

4. ^ |a=t=o*W + sW 2 , U, V) = £- t \ s=t=0 F(tU + sV, W 1 ,W 2 ). 

To see this, notice that by property 1, F induces a smooth metric on each fiber E p 
as follows: (U, V) = F P {W, U, V), where U, V G T W E P , and T W E P is identified with 
E p in the obvious manner. By property 2, the identity map from E p to E p is the 
exponential map with respect to this metric. Properties 3 and 4 are now familiar 
facts about metrics in polar coordinates. 

F determines a Euclidean structure on the bundle as follows: (•, •) = F(0, •, •). 
Suppose that V is a connection compatible with this Euclidean structure. Then 
there exists a unique warped connection metric g F on E for which 7r : (E^gs) — > 
(E,<7x;) is a Riemannian submersion with horizontal distribution determined by V 
and with fiber metrics determined by F as described above, so that F(W, U, V) — 
(dexp w U,dexp w V) for all p G E and all W,U,V G E p . To construct gs, begin 
with the connection metric with flat fibers determined by g^, (•,•), and V, and then 
alter the fiber metrics according to F. We call gE "the warped connection metric 
on E determined by the data {gs, V, F}" . 

The warping function F can itself be prescribed in terms of more basic structures. 
More precisely, suppose that (■, •) is a Euclidean structure on a vector bundle, and 
Rf is a vertical curvature tensor on the vector bundle. Let Rf be the fiber-wise 
symmetrization of Rf, as described in section 3. Define: 

F(W, U, V) = ((7, V) - ^Rf(W, W, U, V). 

It is easy to verify that F is smooth and has properties 1 and 2 above. We call the 
resulting metric gE, "the warped connection metric on E determined by the data 
{.9Sj (') ')> V, Rf}" j even though, gE is a non-degenerate metric only in a neighbor- 
hood of the zero-section, and not necessarily on all of E. 

If R'p (and Rp) denote the vertical curvature tensor (and its symmet riza tion) 
associated with this warped connection metric, it is clear from Lemma 3.1 that 

R F = R F . It follows that R F (W,V,V,W) = R' F (W, V, V, W) for all p G E and 
all W,V G E p . If Rp satisfies the Bianchi identity (which we need not assume 
for the previous discussion), then this implies that Rf — R' F - I n other words, we 
succeeded in prescribing the fiber metric so that at the zero-section its curvature 
tensor is Rf- 
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6. Proof of theorem C 

Proof of Theorem C. Suppose that R fc — > E A S is a vector bundle over E which 
admits the structures {<?£, (•,•), V, Rf} so that the inequality of Theorem C is 
satisfied. We wish to choose a warped connection metric gE on E such that a 
small sphere about E has positive curvature. An obvious first try is the warped 
connection metric determined by the data {gs, (•>•)> V, Rf}. However, this turns 
out not to work. The problem is that, since only the hessian of Rf appears in the 
inequality of Theorem C, this choice would provide no control over how large the 
vertical sectional curvatures at the zero-section are. For example, in the connection 
metric case, the inequality is satisfied for Rp = 0, but using flat fibers is clearly a 
poor choice. 

We therefore modify Rf to boost the sectional curvatures of vertical 2-planes at 
the zero section. When C is a real number, let Rc denote the vertical curvature 
tensor on the vector bundle which satisfies: 

R C {W, U, U, W) = C ■ \W A U\ 2 for all p G E, and W, U G E p . 

In other words, for each p 6 E, (Rc)p is the curvature tensor corresponding to a 
point with constant sectional curvature C. Let gE be the warped connection metric 
on E which is determined by the data {g%, (■, •), V, R' F }, where R' F — Rc + Rf- 

We denote by Rf and R^ the symmetrizations of Rf and R' F . We denote by 
kp and k' F the unnormalized sectional curvatures of Rf and R' F . Notice that 
hess k > F (w,V) = hess kF ( Wy) . 

We will prove that for sufficiently large C, the boundary of a sufficiently small 
ball about the zero-section of (E,g F ) has positive curvature. 

Claim 1. C can be chosen sufficiently large so that the curvature of every 2-plane 
at every point of the zero-section E of (E,g F ) is positive, except for the mixed 
2-planes, whose curvatures are zero. 



Proof of Claim 0. By part 5 of Lemma |5.2| and the proof of Corollary 2Jj , this claim 
follows from the fact that C can easily be chosen so that 

9(X, Y, U, Vf < 4fc E (X, Y) ■ k' F (U, V), 

with equality only when XAY = 0orUf\V = Q. □ 

Claim 2. C can be chosen so that if p 6 E, X, Y G T p E and U,V,W € E p are 
vectors for which \X\ = \V\ = 1, (W, U) = and (W, V) = 0, then 

*xyuvw(0) > 0. 

Proof of Claim [|. By the hypothesis of Theorem C and a compactness argument, 
there exist e > depending only on {gs, (•,•), V, Rf} so that: 

(6.1) ((D X R V )(X,Y)W,V) 2 

< (1 - e)(|i? V (W, V)X\ 2 + (2/3)hess wv) (X)) • k^(X,Y) 

for all orthonormal vectors {X, Y, W, V} with X,Y E T p E and W : V G E p . But 
since equation |6.l| is invariant under rescallings of the vectors, projection of Y 
perpendicular to X, and projection of V perpendicular to W, this inequality is in 
fact valid for all (not necessarily orthonormal) vector {X, Y, W, V}. 
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By the argument of our proof of Theorem A, equation 6.1 implies that the 
following is true for all A, Y G T P S and W, V € E p : 

(6.2) 2(1 - e)ks(X, Y) + (1/2)\R V (W, V)X\ 2 



2((D X R^)(X,Y)W,V) + (l/3)hess fcFWy) (X) > 0. 



Now, part 7 of Lemma |5 . 2| says that \&"(0) is given by the formula of Proposition L2 
which we can re- write as follows: 

(6.3) *"(0) = 2(l-e)k^(X,Y) + (l/2)\R v (W,V)X\ 2 

-2((D X R V )(X,Y)W,V) + (l/3)hess kFiwy) (X) 

+2efe(A, Y) + 2k F (U, V) - 6(i? v (A, Y)U, V) 

+(4/3)D x R F (W, U, V, V) - (4/3)D x R F (W, V, U, V) 

Now let X,Y G T p S and U,V,W G E p be vectors for which |X| = \V\ = 1, 
(W,V) = and (W,U) = 0. Also assume that \W\ = 1. We must prove that 



^"(0) = ^ X yuvw(®) ^ ^- Equation 6/2 says that the top two lines of equation ^2 



are nonnegative. Further, the hypothesis of Theorem C together with a compactness 
argument gives that: 

(1/2)\R V (W, V)X\ 2 + (l/3)hess feFWy) (A) > 6 > 0, 

for some 6 > depending only on {g^, (•,•), V, Rf}- It follows that there exist 
constants 61,62 > such that if \Y\ < 61, then the sum of the terms on the first 
two lines of equation 6.3 is > 62- 



Let H denote the sum of the terms of the last two lines of equation 3.3. It will 
suffice to choose C sufficiently large that: 

(1) if \Y\ < 8! then H + 6 2 > 0, and 

(2) if \Y\ > 81 then H > 0. 

/ o 

But notice that D X R F = D x Rp, and that 

k F (U, V) = R F (U, U, V, V) = R F (U, U, V, V) + C\U A V\ 2 . 

From this it is straightforward to choose C large enough that the above two condi- 
tions are met. This completes the proof of claim 2 under the added hypothesis that 



\W\ = 1. But by equation |y, it is clear that ^ x . aY ,aU,v.aw( ) = a 2 ^ x .Y^ uy . w {0), 



which allows us to drop the assumption that \W\ = 1. □ 

We prove now that, if C is chosen as large as required for claims 1 and 2, then 
the boundary of a sufficiently small ball about £ in (E,gE) has positive extrinsic 



curvature. By part 8 of Lemma 5.2, it must then have positive intrinsic curvature 
as well. 

It is useful to consider the following manifold: 

n = {(p, X, Y, U, V, W) I p £ E; A, Y G T p E; U, V, W G E p }. 

Define / : ft — ► R as follows: 

f(p, A, Y, U, V, W) = k(X + U,Y + V), 

where {X,Y, U, V} are the lifts of {A, Y, U, V} to Ty/E (via parallel transla- 
tion along W). Notice that / has value zero on the compact submanifold N = 
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{{p,X,0,0,V,0) 6 | \X\ = \V\ = 1}. By part 6 of Lemma |J, N is a critical 
submanifold of /. 

Next consider the following subset of il: 

n e = {(p, X, Y, U, V, W) e ft I \W\ < e, (W, C/} = and (W, V) = 0}. 

Notice that N C f2 e . Even though ft e is not a smooth submanifold of ft, we can still 
make the following definition. Let T denote the collection of all vectors tangent to 
ft at points of N which are also "tangent to" ft e . In other words, for n G N and 
J G T n ft, J G T if and only if there exists a path 7 in 17 with 7'(0) = J such that 
7([0,<5]) G T for some (5 > 0. 

By Claim pL the Hessian of / at each point of N is positive-definite in the 
directions of T. That is, for all J G T, hess/(J) > 0. Since the collection of unit- 
directions in T is compact, it follows that there is a neighborhood of N in ft e on 
which / is strictly positive (except on N itself, where / is zero). 

Therefore, in the Grassmannian of 2-planes on M, there is a neighborhood of 
each mixed 2-plane at each point of the soul in which the curvature of every 2- 
plane tangent to a distance sphere about the soul is positive. But by Claim [I] 
every non-mixed 2-plane at the soul has positive curvature, and therefore also has 
such a neighborhood. This proves that small distance spheres about E in [E,gE) 
have strictly positive curvature, which completes the proof. □ 

7. Proof of Theorem B 

In this section, we prove Theorem B. As we mentioned in the introduction, 
Strake and Walschap showed by explicit computation that, for a connection metric 
gE of non nega tive curvature on the total space E of a vector bundle R fc — > E E, 
inequality 1.2 from our introduction is satisfied. Therefore, the weaker inequality [O] 



is satisfied as well. Their argument uses only the nonnegativity of 2-planes of the 
form span{X + V,Y}. These 2-planes are tangent to distance spheres about E 
in E. Also, their argument provides strict inequality when these 2-planes have 
strictly positive curvature. By the Gauss equation, the intrinsic curvature of such a 
2-planes (in the induced metric on the distance sphere) equals its extrinsic curvature 
in (£?, qe)- Consequently, if some distance sphere about E in E has strictly positive 
curvature in the induced metric, then the inequality of Theorem B must be satisfied. 

This proves one direction of part 1 of Theorem B. The second direction of part 
1, as well as part 2, are proven next. We begin with a lemma. 

Lemma 7.1. If a vector bundle M fe — > E ^> E admits a warped connection metric 
gE which is nonnegatively curved in a neighborhood of the zero-section E, then it 
admits a complete metric g' E which has nonnegative curvature everywhere. If gE is 
a connection metric, then g' E can be chosen to be a connection metric as well. 

Proof. It follows from part 8 of Lemma [k2 that the main construction of @ can 



be used to modify the metric gE into a complete metric g' E with everywhere non- 
negative curvature (alternately, use the main construction of (l(J, on which is 
based) . □ 

Proof of Theorem B. Let M fe — > E E be a vector bundle with the structures 
{<7£, (■, •), V} satisfying the inequality of Theorem B. Let gE denote a connection 
metric on E determined by this data, whose fiber metric is chosen so that the 
curvature of every vertical 2-plane at every point of the zero-section E equals C 
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(for example, Walschap and Strake used the fiber metric dr + G (r)do , where 
G 2 (r) = 3^). We wish to prove that for large enough C, a neighborhood of E 
in (E,gE) must have nonnegative curvature. Together with the Lemma, this will 
complete the proof. 

Let p £ E, and let W € E p be a vector with small norm. Let X,Y £ T p E and 
U,V_ e_Ep with \X\ = \Y\ = \U\ = \V\ = 1, (W,U) = and (W, V) = 0. Let 
X, Y, U, V denote lifts of X, Y, U, V to Ty?E (via parallel transport along W). Let 
d r G T\yE denote the "radial vector", by which we mean the unit-length vector 
pointing directly away from E. Let a, 0, 7, 5, £, r\ be positive real numbers. We need 
to insure that k(aX + /3d r + jV, Sd r + (Y + f]U)> 0. Much of the work of this 
calculation was done by Walschap and Strake in Q . As they showed, 

k(aX + I3d r + jV, dd r + (Y + r,U) 

= k{aX + jV, (Y + TjU) - ek{aX, (Y) + Q 3 {a(, j5, prj), 

where Q3 is the quadratic form with matrix: 

ek(X,Y) %(X,Y,d r ,V) -%(X,Y,dr,U? 

%(X,Y,dr,V) k(dr,V) (d r ,V,dr,U) 

-%{X,Y,dr,U) (d r ,V,d r ,U) k{d ri U) 

It follows from Walschap and Strake's work that for any value of e > 0, the 
constant C can be chosen so that Q3 is nonnegative definite. It therefore remains 
to prove that e can be chosen small enough to insure that 

k{aX + jV, (Y + r}U) - ek{aX, QY) > 0. 

We will modify the argument in Theorem C by which we proved that small distance 
spheres are positively curved to get this little bit more which is required. 

We can use the value of e from equation 3.2, which simplifies in the connection 
metric case to: 

2(1 - e)fc E (X, Y) + (l/2)|i? v (T^, V)X\ 2 - 2{{D X R V ){X, Y)W, V) > 0. 

Modify the proof of Theorem C by defining / : Q, — » R as follows: 

f(p, X, Y, U, V, W) = k(X + U,Y + V)~ ek(X, Y). 

It is still easy to see that N is a critical submanifold of /, and that the hessian of 
/ is positive definite in directions of T. The proves that, in the Grassmannian of 
2-planes on M, there is a neighborhood of each mixed 2-plane at each point of E on 
which the sectional curvature function is nonnegative. Since non-mixed 2-planes at 
points of E also have such neighborhoods, this proves that a neighborhood of E in 
(E,gE) has nonnegative curvature, which completes the proof. □ 
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